We calculate the critical value of the hopping parameter, κ c , in Lattice QCD with Wilson fermions, to two loops in perturbation theory.
I. INTRODUCTION
In this paper we study the hopping parameter in lattice QCD with Wilson fermions. In particular, we compute its critical value to two loops in perturbation theory.
Wilson fermions are the most straightforward and widely used implementation of fermionic actions on the lattice. This implementation circumvents the fermion doubling problem by introducing a higher derivative term with a vanishing classical continuum limit, to lift unphysical propagator poles completely. At the same time, the action is strictly local, which is very advantageous for numerical simulation.
The price one pays for strict locality and absence of doublers is, of course, well known: The higher derivative term breaks chiral invariance explicitly. Thus, merely setting the bare fermionic mass to zero is not sufficient to ensure chiral symmetry in the quantum continuum limit; quantum corrections introduce an additive renormalization to the fermionic mass, which must then be fine tuned to have a vanishing renormalized value. Consequently, the hopping parameter κ, which is very simply related to the fermion mass, must be appropriately shifted from its naive value, to recover chiral invariance.
By dimensional power counting, the additive mass renormalization is seen to be linearly divergent with the lattice spacing. This adverse feature of Wilson fermions poses an additional problem to a perturbative treatment, aside from the usual issues related to lack of Borel summability. Indeed, our calculation serves as a check on the limits of applicability of perturbation theory, by comparison with non perturbative results coming from Monte Carlo simulations.
Starting from our two-loop results, we also provide improved estimates of the critical value of κ, by performing a resummation to all orders of cactus diagrams [1] . These are tadpole-like diagrams which are gauge invariant and dress the propagators and vertices in our calculation. This improvement technique, among others, has so far been applied mostly to the one-loop multiplicative renormalization of various operators [2, 3] . It is interesting to explore to what extent such methods lead to an improvement even in a sensitive case such as the one at hand. We find that our improved estimates compare quite well with Monte Carlo data also in this case.
The paper is organized as follows: In Sec. II we define the quantities which we set out to compute, and describe our calculation. In Sec. III we present our results and compare with Monte Carlo evaluations. In Sec. IV we obtain the improved estimates coming from cactus resummation.
II. FORMULATION OF THE PROBLEM
QCD with Wilson fermions on the lattice is described by the following action (see, e.g., Ref. [4] for standard notation and conventions):
U µν (x) is the standard product of link variables U x,y around a plaquette in the direction µ−ν, originating at point x, and D(x, y) is given by:
As usual, g 0 denotes the bare coupling constant and a is the lattice spacing. The bare fermionic mass m B must be set to zero for chiral invariance in the classical continuum limit. The higher derivative term, multiplied by the Wilson coefficient r, breaks chiral invariance. It vanishes in the classical continuum limit; at the quantum level, it induces nonvanishing, flavor-independent corrections to the fermion masses.
Numerical simulation algorithms usually employ the hopping parameter,
as a tunable quantity. Its critical value, at which chiral symmetry is restored, is thus 1/8r classically, but gets shifted by quantum effects. The renormalized mass can be calculated in textbook fashion from the fermion selfenergy. Denoting by Σ L (p, m B , g 0 ) the truncated, one particle irreducible fermionic twopoint function, we have for the fermionic propagator:
where :
Requiring that the renormalized mass vanish, leads to:
The above is a recursive equation for m B , which can be solved order by order in perturbation theory.
We write the loop expansion of Σ L as:
Fig. I shows the two diagrams contributing to the 1-loop result Σ (1) . The fermion mass involved in these diagrams must be set to its tree level value, m B → 0. The i th diagram gives a contribution of the form
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3,i are numerical constants. Certain sets of diagrams, corresponding to renormalization of loop propagators, must be evaluated together in order to obtain an infraredconvergent result: these are diagrams 7+8+9+10+11, 12+13, 14+15+16+17+18, 19+20, 21+22+23. 
III. NUMERICAL RESULTS
The evaluation of the diagrams in this computation requires very extensive analytical work. To this end, we use a Mathematica package which we have developed for symbolic manipulations in lattice perturbation theory (see, e.g., Ref. [5] ). Applied to the present case, this package allows us to perform in a rather straightforward way the following tasks: Contraction among the appropriate vertices; simplification of color/Dirac matrices; use of trigonometry and momentum symmetries for reduction to a more compact, canonical form; automatic generation of highly optimized Fortran code for the loop integration of each type of expression.
The integrals, typically consisting of a sum over a few hundred trigonometric products, are then performed numerically on lattices of varying finite size L. Our programs perform extrapolations of each expression to a broad spectrum of functional forms of the type:
, analyze the quality of each extrapolation using a variety of criteria and assign statistical weights to them, and finally produce a quite reliable estimate of the systematic error. Taking L ≤ 28 leads to a sufficient number of significant digits in the results we present.
One important consistency check can be performed on those diagrams which are separately IR divergent; taken together in groups, as listed below Eq. (7), they give a finite and very stable extrapolation.
We present below the numerical values of the constants c
3,i . These constants depend only on the Wilson parameter r; following common practice, we set r = 1. Table I contains the contributions to the 1-loop quantity Σ (1) . The total 1-loop result is
This result is known in the literature (see, e.g., Ref. [6] , p. 246, and references contained therein).
The contributions to the 2-loop quantity Σ (2) are presented in table II. The total 2-loop result is
In order to make a comparison with numerical simulations, let us set N = 3, N f = 2 in the above; we obtain
In Table III we compare the final results for m 
with numerical simulation data at values of β = 6/g 2 0 equal to 5.6 [7] and 5.5 [8] . Also included in this table are the improved results obtained with the method described in the following Section. For easier reference, Table IV presents our results in terms of the critical hopping parameter κ c = 1/(2 m c a + 8 r).
IV. IMPROVED PERTURBATION THEORY
In order to obtain improved estimates from lattice perturbation theory, one may perform a resummation to all orders of the so-called "cactus" diagrams [1] [2] [3] . Briefly stated, these are gauge-invariant tadpole diagrams which become disconnected if any one of their vertices is removed. The original motivation of this procedure is the well known observation of "tadpole dominance" in lattice perturbation theory. In the following we refer to Ref. [1] for definitions and analytical results.
Since the contribution of standard tadpole diagrams is not gauge invariant, the class of gauge invariant diagrams we are considering needs further specification. By the BakerCampbell-Hausdorff (BCH) formula, the product of link variables along the perimeter of a plaquette can be written as
The diagrams that we propose to resum to all orders are the cactus diagrams made of vertices containing F (1) x,µν . Terms of this type come from the pure gluon part of the lattice action. These diagrams dress the transverse gluon propagator P A leading to an improved propagator P
(I)
A , which is a multiple of the bare transverse one:
where the factor w(g 0 ) will depend on g 0 and N, but not on the momentum. The function w(g 0 ) can be extracted by an appropriate algebraic equation that has been derived in Ref. [1] and that can be easily solved numerically; for SU(3), w(g 0 ) satisfies:
The vertices coming from the gluon part of the action, Eq. (1), get also dressed using a procedure similar to the one leading to Eq. (13) [1] . Vertices coming from the fermionic action stay unchanged, since their definition contains no plaquettes on which to apply the linear BCH formula. One can apply the resummation of cactus diagrams to the calculation of additive and multiplicative renormalizations of lattice operators. Applied to a number of cases of interest [1, 2] , this procedure yields remarkable improvements when compared with the available nonperturbative estimates. As regards numerical comparison with other improvement schemes, such as boosted perturbation theory [9, 10] , cactus resummation fares equally well on all the cases studied [3] .
One advantageous feature of cactus resummation, in comparison to other schemes of improved perturbation theory, is the possibility of systematically incorporating higher loop diagrams. The present calculation best exemplifies this feature, as we will now show. Tables III and IV , respectively. It is worth noting that these values already fare better than the much more cumbersome undressed 2-loop results.
We now turn to dressing the 2-loop results. Here, one must take care to avoid double counting: A part of diagrams 7 and 14 has already been included in dressing the 1-loop result, and must be explicitly subtracted from Σ (2) before dressing. Fortunately, this part (we shall denote it by Σ (2) sub ) is easy to identify, as it necessarily includes all of the 1/N 2 part in Σ (2) . A simple exercise in contraction of SU(N) generators shows that Σ (2) sub is proportional to (2N 2 − 3)(N 2 − 1)/(3N 2 ). There follows immediately that:
(cf. Eq. 9). A further complication is presented by gluon vertices. While the 3-gluon vertex dresses by a mere factor of (1 − w(g 0 )), the dressed 4-gluon vertex contains a term which is not simply a multiple of its bare counterpart (see Appendix C of Ref. [1] ). Once again, however, we are fortunate: this term must be dropped, being precisely the one which has already been taken into account in dressing the 1-loop result, while the remainder dresses in the same way as the 3-gluon vertex. In conclusion, cactus resummation applied to the 2-loop quantity Σ (2) leads to the following rather simple recipe:
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The end results, m
c, dressed and κ (2) c, dressed , are included in Tables III and IV . Comparing with the Monte Carlo estimates, we see a definite improvement over non-dressed values. At the same time, a sizeable discrepancy still remains, as was expected from start. This discrepancy sets a benchmark for lattice perturbation theory; multiplicative renormalizations, calculated to the same order and improved by cactus dressing, are expected to be much closer to their exact values. We hope to return to these calculations in a future publication. 
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